Introduction
This paper is a continuation of our paper [2] with the same title. In [2] one of theorems was stated without detailed proof. The purpose of this paper is just to give a complete proof of it. So we shall omit an origin of our problem and general background for it, see the first section of [2] and references in [2] .
Let $p>1$ be a fixed prime number, $C(p^{n})$ be a cyclic group of order $p^{n}$ , $\sum$ be the direct sum of cyclic groups $C(p^{n}),$ $\Pi$ be the direct product of cyclic groups $C(p^{n})$ and $C$ be the torsion group of
, that is, $\sum$ is the standard basic group and $C$ is the torsion completion of $\sum$ .
Our theorem is as following, that is Theorem 3 in [2] .
Theorem. There exists a pure subgroup $G$ of $C$ which contains $\sum$ and satisfies properties; 1) $G$ has no proper isomorphic quotient groups, 2) $G$ has no proper isomorphic subgroups,
3) $G$ has a decomposition $G_{1}\oplus G_{2}$ such that $G_{1}$ and $G_{2}$ are not bounded.
Group Homomorphisms on $C[p]$ .
The $p$ -socle $C[p]$ of $C$ is a vector space over the prime field of characteristic $p$ and can be topologized as a totally disconnected compact topological group, because $\Pi$ is clearly a totally disconnected compact topological group with respect to the product topology of compact discrete topologies and the In the final step in our proof of the theorem we shall use following proposition which is shown in [2] (Theorem 1 of [2] ).
$Pro\beta osition$.
Let $G$ be a pure subgroup of $C$ which contains $\sum$ and Lemma 2) . In our proof of this fact we have some dfficulity which comes from non-commutativity between non-singular homomorphisms and $P_{e}$ . So we classify degree of non-commutativity in the following section.
Proof of Theorem
We introduce eight classes (essentially four) of non-singular homomorphisms depending on degree of non-commutativity. Hereafter we shall use Proof. Of course the choice of these six properties about $\Delta(T)$ depends on types of $T$ defined above. Therefore the proof is divided into four cases,
The following fact $(*)$ which was shown already in [2] (see b) of the proof of Lemma 3 in [2] ) will be used in cases a), b) and d). Our assumption $F^{o}(T)\not\supset U_{n}^{o}$ for all $n=1,2,$ $\cdots$ implies that compact groups . Therefore by $(*)$ we can see that $\Delta(T)=\{x_{0}+y_{t}|0\leqq t\leqq 1\}$ is a one-parameter family having the property
The following fact $(^{**})$ will be used in cases c) and d). Then we can take $U_{M}$ such that $z_{i}+U_{M}+(T(U_{M}))^{o}+(T(U_{M}))^{e}(0\leqq i\leqq p^{3}-1)$ are mutually disjoint, and if $\{y_{t}|0\leqq t\leqq 1\}\subset U_{M}^{\circ}$ satisfies the condition that three elements $y_{t}-y_{s},$ $(T(y_{t}-y_{\epsilon}))^{o}$ and $(T(y_{t}-y_{s}))^{e}$ are linearly independent for arbitrary $s\neq t$ . Thus $\Delta(T)=\{x_{0}+y_{t}|0\leqq t\leqq 1\}$ is a one-parameter family having the property $3^{o}$ . Now $(^{**})$ can be shown as follows; it is clear that there exists [ $\mathcal{T}_{N}$ such that $z_{i}+U_{N}(0\leqq i\leqq p^{3}-1)$ are mutually disjoint. By continuity of $P_{e}T$ and
for some $s\neq t$ , where $n_{1},$ $n_{2},$ $n_{3}$ , n\'i, $n_{2}^{\prime}$ and $n_{3}^{\prime}$ are integers, then $n_{1}x_{0}+n_{2}(Tx_{0})^{\circ}+n_{3}(Tx_{0})^{e}=z_{i}$ for some
and $n_{1}y_{t}+n_{2}(Ty_{t})^{\circ}+n_{3}(Ty_{t})^{e},$ $n_{1}^{\prime}y_{s}\dashv n_{2}^{\prime}(Ty_{s})^{\circ}+n_{3}^{\prime}(Ty_{s})^{e}\in U_{M}+(T(U_{M}))^{\circ}$ $+(T(U_{M}))^{e}$ . By our choice of $U_{M},$ $z_{i}$ must be equal to $z_{j}$ , this implies $n_{1}=n_{1}^{\prime}$ mod $p,$ $n_{2}=n_{2}^{\prime}$ mod $p$ and $n_{3}=n_{3}^{\prime}$ mod $p$ . Therefore we have $n_{1}(y_{t}-y_{s})+$ $n_{2}\langle T(y_{t}-y_{s}))^{o}+n_{3}(T(y_{t}-y_{s}))^{e}=0$ , but our assumption about $\{y_{t}\}$ implies $n_{1}=$ $n_{2}=n_{3}=0$ mod $p$ . Hence $\Delta(T)=\{x_{0}+y_{t}|0\leqq t\leqq 1\}$ satisfies property And assumptions $\tilde{E}_{N}^{o}(T)\supset U_{N}^{o}$ , and $E_{q,n}^{o}(T)\not\supset U_{m}^{o}$ for all $n,$ $m=1,2,$ $\cdots$ and $q=0,1,$ $\cdots,$ $p-1$ imply that there are $q^{\prime}\neq q^{\prime\prime}$ not depending on $n$ such that
This (3) can be shown easily, see a) in the proof of Lemma 3 in [2] . (1) and (2) imply that there is $q^{\prime\prime\prime}$ not depending on $n$ such that and $H_{N^{\prime}}$ is infinite by (1) . Therefore we have that there exists $q^{\prime\prime\prime}$ such that $E^{o,},\prime q,N^{\prime(T)}/E_{q^{\prime\prime},N^{\prime}}^{o}(T)\cap F^{o}(T)$ is finite. If $n\geqq N^{\prime}$ , then $E_{q^{\prime\prime\prime},N^{\prime}}^{o}(T)/E_{q^{\prime\prime},n}^{o}(T)\cap F^{o}(T)$ is infinite, because $E_{q^{\prime\prime},n}^{o}(T)\subset E_{q^{\prime\prime},N^{\prime}}^{o}(T)$ . On the other hand $E_{q^{\prime\prime\prime},N^{\prime}}^{o}(T)/E_{q^{\prime\prime},n}^{o}(T)$ is finite, because $ E_{q^{\prime\prime},N^{\prime}}^{o}(T)/E_{q^{\prime\prime},n}^{o}(T)=E_{q^{\prime\prime},N^{\prime}}^{o}(T)/E_{q^{\prime\prime},N^{\prime}}^{o}(T)\cap U_{n}^{o}\cong(E_{q}^{\circ}(T)+U_{n}^{o})/U_{n}^{o}\subset$ $U_{N}^{o},/U_{n}^{o}$ and $U_{N}^{o},/U_{n}^{o}$ is finite. These two facts imply clearly that $E_{q}^{o,\prime}(T)/$ $E_{q^{\prime\prime},n}^{Q}(T)\cap F^{o}(T)$ is infinite for all $n\geqq N^{\prime}$ . Therefore (4) is shown (note that every compact infinite group has at least cardinality $\aleph$ ).
Without loss of generality we can assume $q^{\prime\prime\prime}=q^{\prime}$ in (3) and combining \langle 3) and (4) we can see that there exist $q^{\prime}\neq q^{\prime\prime}$ not depending on $n$ such that for all $n\geqq N^{\prime}$ we have (5) dim $ E_{q}^{o}(T)=\dim E_{q^{\prime},n}^{o}(T)=\dim(E_{q}^{o}(T)/E_{q'.n}^{o}(T)\cap F^{o}(T))=\aleph$ .
Since $E_{q,n}^{o}(T)$ and $E_{q^{\prime\prime},n}^{o}(T)(n=1,2, \cdots)$ are decreasing and $\bigcap_{n=1}U_{n}^{o}=\{0\}$ , the following three cases may occur. in $E_{q}^{o}(T)$ such that $u_{t}=\varphi_{n}(z_{t}^{\prime})$ for all $0\leqq t\leqq 1$ and uniquely $z_{t}^{\prime\prime}$ in $E_{q^{\prime},n}^{o}(T)$ such that $u_{t+1}=\varphi_{n}(z_{t}^{\prime\prime})$ for all $0\leqq t\leqq 1$ . Let $y_{t}=z_{t}^{\prime}\dashv-z_{l}^{\prime\prime}$ for $0\leqq t\leqq 1$ , then it is easy to see the linear independence of $(y_{\epsilon}-y_{t})$ and $(T(y_{s}-y_{t}))^{o}$ for $s\neq t$ (see case $(\alpha)$ ). And $(T(y_{s}-y_{t}))^{e}=(T(z_{s}^{\prime}-z_{t}^{\prime}+z_{s}^{\prime\prime}-z_{t}^{\prime\prime}))^{e}=(T(u_{s}-u_{t}+u_{s+1}-u_{t+1}))^{e}$ $\neq 0$ , because $0\neq u_{s}-u_{t}+u_{s+1}-u_{t+1}\in H_{n}$ . Therefore $y_{s}-y_{t},$ $(T(y_{s}-y_{t}))^{o}$ and $(T(y_{s}-y_{t}))^{e}$ are linearly independent for arbitrary $s\neq t$ . If dim $(X_{n}^{\prime}\cap X_{n}^{\prime\prime})<\aleph$ , then dim
. Let $\{u_{t}|0\leqq t\leqq 1\}$ be a basis of $Y_{n}^{\prime}$ and $\{v_{t}|0\leqq$ $t\leqq 1\}$ be a basis of $Y_{n}^{\prime\prime}$ , then $\{u_{t}\}\cup\{v_{t}\}$ is a linearly independent system in $H_{n}$ . We can take unique $z_{\acute{t}}$ in $E_{q}^{o}(T)$ and $z_{t}^{\prime}$ ' in $E_{q^{\prime},n}^{o}(T)$ such that $u_{t}=$ $\varphi_{n}(z_{t}^{\prime})$ and $v_{t}=\varphi_{n}(z_{t}^{\prime\prime})$ for all $0\leqq t\leqq 1$ . Then the system $\{y_{t}=z_{t}^{\prime}+z_{t}^{\prime\prime}|0\leqq t\leqq 1\}$ is as desired, which is proved in the same way as above.
Now we can present the proof of c). By (7) there exists $0\neq x_{0}\in C[p]^{o}$ such that $x_{0},$ $(Tx_{0})^{o}$ and $(Tx_{0})^{e}$ are linearly independent. By $(^{**})$ we can determine a large $M$ which satisfies the condition stated in $(^{**})$ . Without loss of generality we can assume this $M$ satisfies one of $(\alpha),$ $(\beta)$ and $(\gamma)$ , because $M$ can be replaced by a larger one if it is $necessary_{A}$ (7) guarantees the existence of $\{y_{t}|0\leqq t\leqq 1\}\subset U_{M}^{o}$ for which $y_{s}-y_{t},$ $(T(y_{s}-y_{t}))^{o}$ and $(T(y$ .
$-y_{t}))^{e}$ are linearly independent. Therefore $(^{**})$ shows us that $\Delta(T)=\{x_{0}+y_{t}|$ $0\leqq t\leqq 1\}$ is a one-parameter family having property . Therefore $\aleph>\dim(((F^{o}(T) \cap U_{n}^{o})+H_{n}+\tilde{E}_{n}^{o}(T))/\tilde{E}_{n}^{o}(T))$ $=\dim(U_{n}^{o}/\tilde{E}_{n}^{o}(T))=\dim D_{n}=\aleph$ . This is a contradiction. Next, 
. Therefore the following two cases may occur;
There exists $N$ such that dim $(H_{n}/H_{n}\cap\tilde{E}_{n}^{o}(T))=\aleph$ for all $n\geqq N$ .
If $(\delta)$ happens, then we can show the existence of $\Delta(T)$ having property $1^{o}$ . $(\delta)$ implies that $F^{o}(T)\cap U_{n}^{o}=(F^{o}(T)\cap\tilde{E}_{n}^{o}(T))\oplus X_{n}$ and dim $(X_{n})=\aleph$ for all $n=1,2,$ $\cdots$ .
We take $0\neq x_{0}\in X_{1}$ , then $(Tx_{0})^{e}=0$ and $x_{0}$ and $Tx_{0}$ are linearly independent.
According to $(^{*})$ we can determine $M$ which satisfies the condition stated in We can take $0\neq x_{0}\in X_{N}$ , then we can see that $x_{0},$ $(Tx_{0})^{o}$ and $(Tx_{0})^{e}$ are linearly independent. According to $(^{**})$ we can determine $M$ . Take a basis [2] and more general form in [1] . Clearly $G_{1}$ and $G_{2}$ are not bounded. Let $G=G_{1}\oplus G_{2}$ , then $G$ is a pure subgroup of $C$ which contains $\sum$ and 1) and 2) in Theorem.
Q. E. D.
